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Abstract. In this paper, we study representations of the vertex operator algebra L(k, 0) at one- 
third admissible levels k = ^fi^fi^f for the afiine algebra of type Gj^'. We first determine 
singular vectors and then obtain a description of the associative algebra A{L{k, 0)) using the 
singular vectors. We then prove that there are only finitely many irreducible A{L(k, 0))-modules 
from the category O. Applying the A(1/)-theory, we prove that there are only finitely many irre- 
ducible weak L{k, 0)-modules from the category O and that such an L{k, 0)-module is completely 
reducible. Our result supports the conjecture made by Adamovic and Milas in [2]. 



Introduction 

Vertex operator algebras (VGA) are mathematical counterparts of conformal field theory. An 
important family of examples comes from representations of affine Lie algebras. More precisely, 
if we let g be an affine Lie algebra, the irreducible g-module L{k,0) with highest weight /cAq, 
A; € C, is a VGA, whenever k ^ — /i^, the negative of the dual Coxeter number. 

The representation theory of L{k, 0) varies depending on values of A: G C. If A; is a positive 
integer, the VGA L{k, 0) has only finitely many irreducible modules which coincide with the 
irreducible integrable g-modules of level k, and the category of Z+-graded weak L{k, 0)-modules 
is semisimple. If A; ^ Q or /c < — /i^, categories of L(A;, 0)-modules are quite different from those 
corresponding to positive integer values. (For example, see [TT].) 

For some rational values of k, the category of weak L{k, 0)-modules which are in the category 
O as g-modules has a similar structure as the category of Z_|_-graded weak modules for positive 
integer values. Such rational values are called admissible levels. This notion was defined in the 
important works of Kac and Wakimoto ([3 [8]). Various cases have been studied with different 
generality by many authors. Adamovic studied the case of admissible half-integer levels for type 
C/^^ [I]. The case of all admissible levels of type A^^^ was studied by Adamovic and Milas [2], and 
by Dong, Li and Mason [3]. In his recent papers |141 115j. Perse studied admissible half-integer 
levels for type A^^^ and Bj^^\ 

In these developments, the j4(y)-theory has played an important role. The associative algebra 
A(y) associated to a vertex operator algebra V was introduced by I. Frenkel and Y. Zhu (see 
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[5l[T6]). It was shown that the irreducible modules of A{V) are in one-to-one correspondence with 
irreducible Z_|_-graded weak modules of V. This fact gives an elegant method for the classification 
of representations of V, and was exploited in the works mentioned above. 

In this paper, we study one-third admissible levels — |Ao, — |Ao, — f^o for type G'^^ adopting 
the method of [U [21 [T3| [T^ I15j . We first determine singular vectors (Proposition I2.3| ) and then 
obtain a description of the associative algebra A{L(k, 0)) in Theorem l2 . 61 using the singular vectors 
for k = — |,— |,— |. By constructing some polynomials in the symmetric algebra of the Cartan 
subalgebra, we find all the possible highest-weights for irreducible ^(L(A;, 0))-modules from the 
category O (Proposition I3.6| ). As a result, in each case of A; = — |,— |,— |, we prove that there 
are only finitely many irreducible A{L{k, 0))-modules from the category O. Then it follows from 
the one-to-one correspondence in A(y)-theory that there are only finitely many irreducible weak 
L(A;, 0)-modules from the category O (Theorem 13. 7p . In the case of irreducible -L(fe, 0)-modules, 
our result provides a complete classification (Theorem 13. lOp . We also prove that such an L(k,0)- 
module is completely reducible (Theorem l3.12p . Thus the VOA L{k,0) is rational in the category 
O for k = — |,— |,— |. This result supports the conjecture made by Adamovic and Milas in |2j, 
which suggests that -L(fc,0)'s are rational in the category O for all admissible levels k. 

Although some of our results may be generalized to higher levels k, the first difficulty is in 
the drastic growth of complexity in computing singular vectors, as one can see in Appendix 
A. It seems to be necessary to find a different approach to the problem for higher levels. The 
first-named author will consider singular vectors for other admissible weights in his subsequent 
paper. 

Acknowledgments. We thank A. Feingold and M. Prime for helpful comments. 

1. Preliminaries 

1.1. Vertex operator algebras. Let {V,Y,l,uj) be a vertex operator algebra (VOA). This 
means that V is a Z-graded vector space, V = 0„g2 Y is the vertex operator map, Y{-,x) : 
V (End V)[[x,x~^]], 1 G Vb is the vacuum vector, and G V2 is the conformal vector, all of 
which satisfy the usual axioms. See (HUH [12] for more details. By an ideal in the vertex operator 
algebra V we mean a subspace / of V satisfying Y{a,x)I C for any a € V. Given 

an ideal / in V such that \ ^ I , uj ^ I , the quotient V/I naturally becomes a vertex operator 
algebra. Let (M, Ym) be a weak module for the vertex operator algebra V . We thus have a vector 
space M and a map Ym{-,x) : V (End M)[[x,x^^]], which satisfy the usual set of axioms (cf. 
[3]). For a fixed element a G V, we write YM{a,x) = J2m&i.'^i^)^~"^~^ ^ fo^ conformal 
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element u) we write Ym{'^,x) = J2mez^(''^)^~"^~^ ~ Ylmez -^mX~"^~'^ ■ In particular, y is a 
weak module over itself with Y = Yy- 

A Z^-graded weak V -module is a weak F-module M together with a Z+-gradation M = 

0^0 ^^^^ ^^^^ 

a{m)Mn ^ Mn+r-m-i for a ^Vr and m,n,r € Z, 

where M„ = for n < by definition. A weak ^/-module M is called a V -module if Lq acts 
semisimply on M with a decomposition into Lo-eigenspaces M = ©^.gc such that for any 
a S C, dimMc < oo and Mq,+„ = for n E Z sufficiently small. 

We define bilinear maps * -.V and o : y x 1/ ^ y as follows. For any homogeneous 

a G Vn, we write deg(a) = n, and for any 6 G F, we define 

n _|_ ^.Wega 

a*b = Resx y(a,x)6, 

and 

(1 + 

ao b = Kesx 75 ^(q, x)b, 

and extend both definitions by linearity to y x y. Denote by 0{V) the linear span of elements 
of the form ao b, and by A{V) the quotient space V/0{V). For a £ V, denote by [a] the image 
of a under the projection of V onto A{V). The map a 1— > [a] will be called Zhu's map. The 
multiplication * induces the multiplication on A(y), and ^(T^) has a structure of an associative 
algebra. This fact can be found in [5l 116]. 

Proposition 1.1. [5j Let I be an ideal of the vertex operator algebra V such that 1 ^ I , u ^ I . 
Then the associative algebra A(y/I) is isomorphic to A(y)/A{I), where A(I) is the image of I 
in A{V). 

Given a weak module M and homogeneous a € V, we recall that we write YM{a,x) = 
a(m)x^'"^^. We define 0(0) = a(dega — 1) G End(M) and extend this map linearly 

to V. 

Theorem 1.2. [16j 

(1) Let M = be a Z^-graded weak V -module. Then Mq is an A{V)-module defined 
as follows: 

[a] ■ V = o{a)v 

for any a €zV and v G Mq. 

(2) Let U be an A{V)-module. Then there exists a Z^-graded weak V -module M such that 
the A{V) -modules Mq and U are isomorphic. 
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(3) The equivalence classes of the irreducible A{V) -modules and the equivalence classes of the 
irreducible Z^-graded weak V -modules are in bijective correspondence. 

1.2. AfRne Lie algebras. Let g be a finite-dimensional simple Lie algebra over C, with a tri- 
angular decomposition g = n_ © f) ® n+. Let A be the root system of (g, f)), A_|_ C A the set of 
positive roots, 6 the highest root and (•, •) : g x g — > C the Killing form, normalized by the condi- 
tion {9, 6) = 2. Denote by 11 = {ai, ai} the set of simple roots of g, and by 11^ = {hi, hi} 
the set of simple coroots of g. The afHne Lie algebra g associated to g is the vector space 

g = Q(s>c[t,t-'^]eCK 

equipped with the bracket operation 

[a (g) t"", 6 (2> t"] = [a, b] (g) -|- m{a, b)6m+n,oK, a,b e Q,m,n eZ, 

together with the condition that K is a nonzero central element. 

Let be the dual Coxeter number of g. Let g = n_ ® [) © n+ be the corresponding triangular 
decomposition of g. Denote by A the set of roots of g, by A+ the set of positive roots of Q, 
and by II the set of simple roots of g. We also denote by A"^^ the set of real roots of g and let 
A^ = A"^^ n A+. The coroot corresponding to a real root a G A''^ will be denoted by . Let 
Q = 0^gjj Za be the root lattice, and let (5+ = ®aeu ^+ Q- A G we set 

D{\) = |A-a I Q G Q+} . 

We say that a g-module M belongs to the category O if the Cartan subalgebra [) acts semisimply 
on M with finite-dimensional weight spaces and there exits a finite number of elements v\,...,Uk ^ 
\}* such that V G ULi ^{^1) for every weight u of M . We denote by M(A) the Verma module 
for g with highest weight A G f]*, and by ^^(A) the irreducible g-module with highest weight A. 
Let [/ be a g-modulc, and let /c G C. Wc set g+ = g (gi t£.[t] and g^ = g g) t'^'^Clt^^]. Let Qj^ act 
trivially on U and K as scalar multiplication by k. Considering U as a g © CK © g_|_-module, we 
have the induced g-module 

N{k, U) =U{q) ®u(5(bck(bs+) U. 
For a fixed /i G f}*, denote by V{^) the irreducible highest weight g-modulc with highest 
weight fi. Denote by P+ the set of dominant integral weights of g, and by ijji,...,uji G P+ the 
fundamental weights of g. We will write N{k,^) = N{k, Denote by J{k,^) the maximal 

proper submodule of N(k,iJ,) and L{k,ii) = N{k, n)/ J{k, fi). We define Aq G i)* by Aq{K) = 1 
and Ao(^) = for any ^ G f). Then N{k,iJ,) is a highest-weight module with highest weight 
kAQ -\- fi, and a quotient of the Verma module M(A;Ao -|- fi). We also obtain L{k, jj) = L{kAo -\- ji). 
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1.3. Admissible weights. Let A^''''^ (respectively, A^''^'') be the set of real (respectively, positive 
real) coroots of g, and 11^ the set of simple coroots. For A € we define 

K"/' = {a^ € A^'--^ I (A, a^) G Z}, and AJ^" = A^^''^" n K"/', 

and we set 

III = {a- € 

^a'+ I '^^ decomposable into a sum of elements from A^'^°}. 

Let W denote the Weyl group of g. For each a € A'''^, we have a reflection G W . Define 

/9 G {)* in the usual way, and we recall the shifted action of an element if G on f)*, given by 
w ■ \ = w{X + p) — p. 

A weight A G t)* is called admissible if 

{\ + p,a^) i -Z+ for all G A+''^ and QA^'"'' = Qn"^. 

The irreducible g-module L{\) is called admissible if the weight A G f)* is admissible. Given a 
g-module M from the category O, we call a weight vector f G M a singular vector if n+.w = 0. 

Proposition 1.3. ^ Let A be an admissible weight. Then 

I \ 

L(A) = M(A)/ ^(S)^- ' 

where Va G M(A) is a singular vector of weight r^ ■ A. 

Proposition 1.4. [8] Let M be a Q-module from the category O. If every irreducible subquotient 
L{u) of M is admissible, then M is completely reducible. 



1.4. N{k, 0) and L{k, 0) as VOA's. We identify the one-dimensional trivial g-module 1^(0) with 
C. Write 1 = 1 (8) 1 G N{k., 0). The g-module N{k., 0) is spanned by the elements of the form 

ai(-ni -!)••• am{-nm - 1)1, 

where ai,...,am G g and ni,...,n„i G with a{n) denoting the element a^t"^ for a G g and 
n G Z. 

The vector space N{k, 0) admits a VOA structure, which we now describe. The vertex operator 
map Y{-,x) : N{k,0) — > End(A^(fc, 0))[[x, x^-*^]] is uniquely determined by defining Y{l,x) to be 
the identity operator on N{k, 0) and 

y(a(-l)l, x) = a(n)x""~^ for a G g. 
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In the case that k ^ —hy, the module N(k,0) has a conformal vector 

dimg 
i=l 

where {a*}j=i dimg is an arbitrary orthonormal basis of g with respect to the normalized Killing 

form (•, •). Then it is well known that the quadruple {N{k,0),Y, l,uj) defined above is a vertex 
operator algebra. 

Proposition 1.5. [5j The associative algebra A{N{k,0)) is canonically isomorphic toU{Q). The 
isomorphism is given by F : A{N{k,0)) — > U{q), 

F{[ai{-ni -!)••• a^(-n™ - 1)1]) = (-l)"i+-+"™ai • • • a^, 

for ai, ...,am G S and rii, ...,nm € Z+. 

Since every g-submodule of N{k,0) is also an ideal in the VOA N{k,0), the module L{k,0) is 
a VOA for any k / -/i^. 

Proposition 1.6. [14J Assume that the maximal g-submodule of N{k, 0) is generated by a singular 
vector vq . Then we have 

A{L{k,0))^U{g)/{F{[vo])), 
where {F{[vo])) is the two-sided ideal ofU^g) generated by F{[vq]). In particular, a Q-module U 
is an A(L{k,0)) -module if and only if F{[vo])U = 0. 



(1) 



2. Affine Lie algebra of type 
2.1. Admissible weights. Let 

f ±^^(^1-^2), ±^(^1-^3), i^fe-es), 1 

\ ±-^^(261 - £2 - £3), ±^(2e2-ei-e3), ±-^^(263 - ei - £2) J 
be the root system of type G2. We fix the set of positive roots 

^=173(^1-^2), 73(^3 -ei), 75^^3-62), 1 

^ \ -i.(-2ei + e2 + e3), ^(-2e2 + ei + 63), ^,i2e3 - ei - 62) j ' 

Then the simple roots are a = -^(ei — £2) and /3 = -^(— 2ei + £2 + £3), and the highest root is 
9 = ;^(2e3 — ei — £2) = 3a + 2/3. Let g be the simple Lie algebra over C, associated with the 
root system of type G2. Let £^10, -Eoi) -^lO) -^01 1 ^10 ) Hqi be Chevalley generators of g, where Eiq 
is a root vector for a, Eqi is a root vector for /3, and so on. We fix the root vectors: 
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(2.1) 



Ell = 


[Elo, Eqi], 


E21 = 


7;[Eii,Eio] ■■ 
z 


TP 

-C/31 — 


IP p 1 ■ 


-£■32 = 


[E3i,Eoi] = 


i^ll = 


[Foi , Fio] , 


F2I = 


■^[Fio,Fii] = 


F31 = 


-^[Fio,F2i] = 


F32 = 


[-^01,-^31] = 



= 2 [[-^10' -^01]' -^10]' 
= q[[[Eio,Eqi],Eiq],Eio] 

q[[[[Fio, Eoi],Eiq],Eio],Eoi], 

= 2 [^10' [^01, ^10]], 
= g[-^io> [Fio, [-^01 7 -^10]]]) 
7:[Foi, [Fio, [Fio, [Fqi, Fio]]]]. 

D 

We set Hij = [Eij,Fij] for any positive root ia + j/3 € A+. Then one can check that Hij is the 
coroot corresponding to ia + j/3, i.e. Hij = (ia + For a complete multiphcation table, we 

refer the reader to Table 22.1 in [6, p. 346], where we have 

Xi = Eio, X2 = Eqi, X3 = Ell, = —E21, X5 = —E31, Xq = —E32, 
Yi = Fio, Y2 = Fqi, Y3 = Fii, I4 = —F21, Y5 = — -F31, Yq = — F32. 

All admissible weights for arbitrary affine Lie algebras have been completely classified in [S]. 
The next proposition provides a description of the "vacuum" admissible weig hts for G^^^ at one- 
third levels. This is a special case of Proposition 1.2 in [9j. We provide a proof for completeness. 

Lemma 2.2. The weight Xsn+i = {n — 2 + ^)Aq is admissible for n £ Z+, i = 1,2, and we have 

nL+. = m-(2a + /3)r,a\/3^}, 

where 5 is the canonical imaginary root. Furthermore, 

(A3„+i + p,7^) = 1 for-f = a,j3; 

(A3„+^ + p,{5- {2a + P)Y) = 3n + i + 1 fori = 1,2. 

Proof. We have to show 

(Asn+i + 9,1"^) i -1+ for any 7 G A'^ 
and QA^''" ^ ^i=rv 
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Any positive real root 7 € A!^ of g is of the form 7 = 7 + m6, for m > and 7 G A, or 
m = and 7 G A_|_. Denote by p the sum of fundamental weights of g. Then we can choose 
p = hYAo + p = 4Ao + p. 

We have 

{hn+i + P,l^) = <(n + 2 + i)Ao + p,(7 + m5)^) 

= iwH^ + 2 + l) + (^'^))- 

If m = 0, then it is trivial that (A3„+i,7^) ^ — Z+. Suppose that m > 1. If (7,7) = 2 and m 
^ (mod 3), then (A3„+j + p, 7^) ^ — Z+. If (7,7) = 2, and m = (mod 3), then m > 3, and 
since (p, 7) > —3 for any 7 G A, we have 

(A3„+i + p,7'') = m(n + 2 + |) +(p,7) >3(n + 2 + i)-3 = 3n + 4>4, 

which implies {Xsn+i + P, 7^) ^ — Z+. If (7,7) = |, then (p, 7) > — |. We have 

(A3n+i + P,7'') = 3(m(n + 2+i) + (p,7)) > 3(n + | + (p, 7)) > 3(n + | - |) = 3n + 2 > 2, 

which implies {Xsn+i + p,i^) ^ Thus, (A3„+i + p,7^) ^ -Z+ for any 7 G A^. 

One can easily see that 

^As'^^j,. + = {to(5 + 7|m > 0, m = (mod 3), (7, 7) = 2} 
U {m5 + 7|m > 0, (7, 7) = 2/3} U A+, 

Then we obtain 

^L+. = m-(2«+/3))^«^/5n> 

and we see that QA^^^*"^. = Qn^^g^,^. = Qn"^- Through direct calculations, we get 

(A3„+j + p, 7^) = 1 for 7 = a, /3, and 
(A3„+i + p, ((5 - (2a + P)Y) = 3n + i + 1. 

□ 



2.2. Singular Vectors. In what follows, let g be the affine Lie algebra of type W(g) 
its universal enveloping algebra. 



VOA ASSOCIATED TO TYPE G AFFINE LIE ALGEBRAS 



9 



We write X^{—m) = X{—my for elements in U{q). We set 
a= S2i(-1), 

b= E^i{-l)Eu{-l) - E32(-l)^io(-l), 

C= El^{-l)E^i{-l) - i?32(-l)i?3i(-l)Foi(-l)- i?|2(-l)Foi(-l), 
W= ^3l(-l)^32(-2) - E32(-l)^3l(-2), 



and define 



u = — 6, and v = — ah — 3c. 



The following proposition determines singular vectors for the first three admissible weights, 
i.e. — |Ao, — |Ao, — |Ao, respectively. 

Proposition 2.3. The vector Vk G A^(A;,0) is a singular vector for the given value of k: 



u.\ for k = — |, 

{v + w).l for /c = — |, 
u{v — w).l for A: = — |. 



The proof will be given in the Appendix A. As one can see in the proof, the computational 
difficulty increases as the level k goes up. A different approach will be used in a subsequent work 
of the first-named author on higher levels. 

2.3. Descriptor! of Zhu's algebra. 

Proposition 2.4. The maximal Q-subniodule J{k,0) ofN{k,0) is generated by the vector Vk for 

5 _4 
3' 3' 



k = — I, — S, respectively, where 's are given in Proposition \W. 



Proof. Let \zn+i = (—2 + n + |)Ao = fcAo as before. It follows from Proposition 11.31 and Lemma 
12.21 that the maximal submodule of the Verma module M(A3„+j) is generated by three singular 
vectors with weights 

r5^{2a+i3) ■ hn+i, ■ Xd,n+u ■ X^n+u respectively. 

We consider the three cases 

n = 0,i = 1, A; = -5/3; n = 0, i = 2, A; = -4/3; n = 1, z = 1, A; = -2/3. 

In each case, there is a singular vector € M(A3„4.j) of weight r^_('2a+p)-^'in+i-, whose image 
under the projection of M{\^n+i) onto A^(A;, 0) is the singular vector Vk given in Proposition 12. 3[ 
The other singular vectors have weights 

Ta ■ A3„+i = Asn+i - {X^n+i + P, a^)" = Xsn+i " «, and 

1^13 ■ Xsn+i = Xsn+i — {Xsn+i + P, 0^)P = X^n+i — /3, 
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SO the images of these vectors under the projection of M{X3n+i) onto N{k,0) are from the 
definition. Therefore the maximal submodule of N{k,0) is generated by the singular vector Vk, 
i.e. J{k,0) =U{g)vk. □ 

Now we consider the image of a singular vector i;^ under Zhu's map 

[■] : N{k,0) ^ A{N{k,0)) ^U{q), 

which is defined in Section 1. We recall that the vertex algebra A^(A;, 0) is (linearly) isomorphic 
to the associative algebra U{q-). We thus have an induced map from ^/(fl-) to U{q) and a 
commutative diagram of linear maps: 

Uig-) ~ A^(A;,0) 

i i 
U{g) ~ A{N{k,0)) 

We win identify N{k,0) with U{g-) and A{N{k,0)) with U{q). We have: 

H = E21, 

[b] = E31E11 — E32E10, 

[c] = E'^^Eqi — E32E31H01 — E'12-Foi- 



We also have: 



(2.5) 



M = l[a?-[a][b]-3[c], 
[w] = 0, 



[u{v - w)] = [u][v] = ^[a]5 - |[a]3[6] - [a]2[c] + [a][b]^ + 3[b][c]. 



The following theorem is now a consequence of Propositions 11.61 and [27 

Theorem 2.6. The associative algebra A{L{k,0)) is isomorphic to U{g)/Ik, where Ik is the 
two-sided ideal ofU{Q) generated by the vector [vk], where 

[u] for k = -|, 

[M = { [v] for k = 



[uv] for k = —\ 



3. Irreducible modules 

In this section we adopt the method from [H [21 [T3| [T^ [T5] in oder to classify irreducible 
j4(L(A;, 0))-modules from the category O by solving certain systems of polynomial equations. 
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3.1. Modules for associative algebra A(L(fc,0)). Denote by l the adjoint action of ^(g) on 
U{q) defined by Xif = [X, f] for X G g and / G U{q). We also write (adX)/ = Xif = [X, /]. 
Tlien adX is a derivation onZ//(g). Let R{k) be aZ/^(g)-submodule of iY(g) generated by tlie vector 
[vk], wliere [vk] is given in Theorem 12.61 It is straightforward to see that R{k) is an irreducible 
finite-dimensional ZY(g)-module isomorphic to V{{3k + 7)(2a + f3)). Let R{k)o be the zero-weight 
subspace of R{k). 

Proposition 3.1. [ll[2j Let V{iJ,) be an irreducible highest weight U{q) -module with highest weight 
vector for /u G {)* . Then the following statements are equivalent: 

(1) V{fJ-) is an A{L{k,0)) -module, 

(2) R{k) ■ V{fi) = 0, 

(3) R{k)o ■Vf, = 0. 

Let r G R{k)o. Then there exists a unique polynomial pr G S{t)), where S{1)) is the symmetric 
algebra of f), such that 

Set 'P{k)Q = {pr \ r G 7^(A;)o}. Then we have: 

Corollary 3.2. There is a bijective correspondence between 

(1) the set of irreducible A{L{k,0)) -modules V{fi) from the category O, and 

(2) the set of weights G f)* such that p^fi) = for all p G V{k)o. 

3.2. Polynomials in V{k)Q. We now determine some polynomials in the set V{k)Q for the cases 
k = — |, k = — |, k = — |, respectively. We will use some computational lemmas which we collect 
and prove in Appendix B. 

Lemma 3.3 (Case: k = -|). We let 

(1) qiH) = H2i{H2i+2), (2) pi{H) = H^o{Hw-l), and (3) P2{H) = i/Zn (i/n-1) +3/^01- 
Then q{H),pi{H),p2{H) G P(-|)o. 

Proof. (1) We show that (£'|]^F|^)L[ii] = C q{H) (mod Z//(g)n+) for some C / 0. Using Lemma 
IB. 121 and Lemma IB. 131 we have 

{EI,FI,)l[u] = {El,F^,)L{\[af-[b]) 

= m\{\H2i{H2i - 1) + H21) = A\2\\H2i{H2i + 2) (mod Z^(g)n+), 

which is what we wanted to show. 
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(2) We will show that {EfQF^^)L[u] = C pi{H) (mod U{Q)n+) for some C / 0. We again use 
Lemma IB. 121 and Lemma IB. 131 to obtain: 

{El^FiMW^f - [b]) = (2!)' i^io(^io - 1) = |pi(^) (mod U{Q)n+). 

(3) In this case we show that {EI^F^2)l[u] = C p2{H) (modZ^(0)n+) for some C 7^ 0. Similarly 
to the first two cases we compute: 

{El,Fl)L{\[af-[h]) ^ {2\f CsHn{Hn-l) + 3Hoi) 

= Cp2{H) (modZ^(g)n+). 

□ 

We now give polynomials for the next case. 

Lemma 3.4 (Case: k = — |). Let 

(1) q{H) = lH2i{H2i - l){H2i - 2) + //2i(i^2i - 2) + 3//oi(i^oi + 2), 

(2) pi(/7) = //io(Fio-l)(/7io-2), 

(3) p2{H) = iHuiHu - l){Hu - 2) + 6//oi^32. 

Thenp,{H),p2{H),q{H) eV{-l)o. 

Proof. (!) We show that (£^2i^2\)iH = CQi^) (mod U{Q)n+) for some constant C / 0. By 
Lemma IB. 131 we have: 

(ElF^ihM = {ElF!,)Ul[af-[a][b]-3[c]) 

^ -3!6!|F2i(i/2i - l)(^2i - 2) - ||(i/2i - 2)iElFi,)L[b] 
-3iElFi,)L[c] (modZ^(0)n+). 

By Lemma IB. 121 we thus have: 

(^ii^li)LH = -3!6!|i/2i(^^2i - l)(^^2i - 2) + 3!6!(F2i - 2)H2i + 3!6!i7oi(^oi + 2) 
= Cq{H) (modZi(0)n+). 

(2) We will show that (-E'io-Pfi)LH = Cpi{H) (mod Z//(g)n+) for some constant C / 0. Using 
Lemma IB.13( we obtain: 

{EloFl)L{l[af-[a][h]-m 
^ liSlfH.oiHio - l)(^io - 2) + ||(i/io - 2){EloFl)L[b] - 3(£;?oF|i)i[c] (mod Z^(0)n+). 
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By Lemma IB. 121 we thus have 

{El,Fl)al[af-[am-m ^ i(3!)^i?io(^io - l)(i^io - 2) 

= Cpi{H) (modW(s)n+). 

(3) Finally, we show that {El]^F^2) l[v] = Cp2{H) (mod U{Q)n^) for some constant C / 0. 
Since Hn + H-^i = 2H32, we have 

{Ef,Fi,)Lv' = |(3!)2 Hu{Hu - l)(^ii - 2) - ||(i/ii - 2){ElFi,)L[b] - 3iElFi,)L[c\ 
= (3!)2 QHuiHu - iKHu - 2) + 3{Hu - 2)Hm + 3/?oi(i^3i + 2)) 
= (3!)2 (iHuiHu - l)(^ii - 2) + 6/7oii^32) 
= Cp2{H) (mod^/(s)n+). 

□ 

The last case is presented below. 
Lemma 3.5 (Case: k = — |). We let 

q{H) = ^H2i{H2i - l){H2i - 2){H2i - 2,){H2i - 4) + |/72i(^2i - 2)(i72i - 3)(F2i - 4) 
+ {H21 - 3){H2i - ^)Hoi{Hoi + 2) + 2//2i(^2i - 4)(Fii - 1) 
+ 2(i72i - mm{Hw - 1) - Q{H2i - 4)i?oi(^oi + 1) + 6(^/21 - mm{Hm + 2), 
Pi{H) = Hw{Hw-l){Hw-2){Hw-3){Hio-A), 

P2{H) = §^Hu{Hn - l)iHu - 2){Hii - 3){Hu - 4) + |(Fii - 2){Hu - 3){Hu - i)Hoi 
+ {Hu - 3){Hu - mm{H^i + 2) + 18(Fn - 4)Foi(Foi - 1) 
-2{Hii - 3){Hii - 4)Foi + 18Hoi{Hoi - l){Hsi + 2). 

T/ien pi(/7),p2(^), g(^) G ^(-|)o. 
Proof. First recall from (j2.5p that 

[U{V - W)] = MM = A[a]5 _ 5[„]3[^] _ [„]2[^] ^ [^][^]2 ^ 3[^][^]_ 

We win show that (^2i'P'2i )l(MN) = -5!10!g(//) (mod Z^(0)n+). 
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Using Lemmas IB.H IB.IH we have: 

{F^?)L{[n][v]) ={F^?)L{Uaf - |[a]3[5] - [a]2[c] + [a][bf + 3[6][c]) 

_ 2 10! / 9^5p5 5 10! f 9\3p3 / p4 n rri 10! 
~27 (2!)5V~^J -f^21 ~ 9 (2!p4! "^21 V-f^2lJi[0J ~ (2!p6! 

+ ii(-2)i^2i (i^likfftf + 3(i 

- ^-^2^1 (-^2^)l[Cj - -SI 

Now using Lemma lB.3t we obtain: 

m(^Ii^2°)l(MH) = 5\H2i{H2i - l){H2i - 2){H2i - 3){H2i - 4) 

+ I I {H21 - 2){H2i - 3){H2i - 4) UElFi,)L[b] 

- §{H2i - 3)(F2i - 4) i,iElF^,)L[c] 

- §{H2i - 4) lr,{El,F!,)L[b]' + 3 ^{El,F^?)U[b][c]). 
Combining this with Lemmas IB. 121 IB. 131 IB. 141 we obtain: 

W.(FIiF2?)l{[u][v]) = - ^ 51^21 (i72i - 1)(^21 - 2){H2i - 3){H2i - 4) 

+ I I {H21 - 2){H2i - 3){H2i - 4) {-2)H2i 

- §{H2i - 3)(F2i - 4) 3lHoi{Hoi + 2) 

- |(i?2i - 4) 4!(2F2iFn + 2Fio(Fio - 1) - 6iJoi(i?oi + 1)) 
+ 3 5!(-2)/?oi(^oi + 2)(/?2i-3) 

= -5\q{H) (mod^/(g)n+). 

The proofs for pi{H) and P2{H) are similar, and we omit the details. □ 



3.3. Finiteness of the number of irreducible modules. We are now able to obtain the 
following result for the associative algebra A{L{k^{))). For convenience, if ;U € f)*, we write 
/Xy = fj,{Hij). We will identify /U € f)* with the pair (/xio,/ioi). 

Proposition 3.6. There are finitely many irreducible A{L(k,0)) -modules from the category O 
for each of k = — |, — |, — |. Moreover, the possible highest weights jj. = (/iio,/^oi) for irreducible 
A(L{k,0)) -modules are as follows: 

(1) tfk = -l, i/ien/i= (0,0), (0,-|) or(l,-|); 

(2) ifk = -l t/ien^ = (0,0),(0,-|),(0,-i),(l,0),(l,-|) or(2,-|); 
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(3) ifk = -I, then II = (0, 0), (0, -|), (0, -i), (0, i), (0, 1), (1, 0), (1, -|), (1, -|), 

(2,0),(2,-|),(2,-|) or (4,-|). 

Proof. (1) It follows from Corollary 13.21 that highest weights ^ € f)* of irreducible A(L(— 1,0))- 
modules satisfy p(/u) = for all p G Vo{ — ^). Lemma 1X31 implies that pi{fJ.) = P2{fJ^) = QifJ-) = 
for such weights /i. Let /i € f)*. The equation = is 

Atio(/^io - 1) = 0, 

which implies /Uio = or 1. 

First suppose /iio = 0. Then from q{fi) = we must have /ioi = or — |. Similarly, from 
P2ifJ-) = 0, we also get fxoi = or — |. So the weight /x must be of the form fi = {fiio, /ioi) = (0, 0) 
or (0, — |) in this case. Now suppose /iio = 1- The equation q{fi) = gives ^oi = — § or — |, and 
the equation p2ifJ-) = gives /xqi = or — |. So the only possibility is fi = (/Uio,^oi) = (1, ~|)- 
Altogether, this gives only three possible weights such that = P2ifJ') = QifJ') = 0: 

/u = (mo,m) = (0,0),(0,-|), or 

(2) Similarly to the part (1), we use the polynomials of Lemma |3.4[ Using a computer algebra 
system, we calculate the common zeros of the polynomials q(H),pi{H),p2{H) to obtain the 
following list of possible highest weights: 

= (mo, m) = (0, 0), (0, -|), (0, -i), (1, 0), (1, -|), or (2, -f ). 

(3) For this part, we use Lemma 13.51 Using a computer algebra system, we again compute 
the common zeros of the polynomials q{H),pi(H),p2{H) to obtain the following list of possible 
highest weights: 

= (mo, m) = (0, 0), (0, -|), (0, -i), (0, i), (0, 1), 

(l,0),(l,-|),(l,-|),(2,0),(2,-f),(2,-|), or (4,-|). 

□ 

Now we apply the ^(y)-theory (Theorem ll.2p . and obtain our main result in the following 
theorem. 

Theorem 3.7. There are finitely many irreducible weak modules from the category O for each 
of the following simple vertex operator algebras: L(— 1,0), L(— 1,0), L(— 1,0). 

Remark 3.8. This theorem provides further evidence for the conjecture of Adamovic and Milas 
in [2], mentioned in the introduction. Furthermore, if L{\) is an irreducible module of the VOA 
L{k,0), for k = — |,— |, or — |, then we recall from Section 1.2 that we must have L(X) = 
L(A;Ao,/i) for the values of G f)* given in Proposition 13.61 
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In the case of irreducible L(A;, 0)-modules, we obtain a complete classification. We state this 
result in the following proposition and theorem. 

Proposition 3.9. The complete list of irreducible finite- dimensional A{L{k,0)) -modules V{fi) 
for each k is as follows: 



where uji , 0J2 are the fundamental weights of q . 

Proof. Among the list of weights in Proposition 13.61 we need only to consider dominant integral 
weights, i.e. those weights fi = (mi, 7712) with mi,m2 € Z+. Notice that the weights of the 
singular vectors [vk] are 2uJi, SoJi and Scji, respectively. Considering the set of weights of V{fj,) 
listed above, we see that each singular vector [vk] annihilates the corresponding modules V{ij,). 
Now the proposition follows from Proposition 11.61 □ 

We again apply the ^(y)-theory (Theorem II. 2p . and obtain the following theorem. 

Theorem 3.10. The complete list of irreducible L{k,0) -modules L(k,ii) for each k is as follows: 

(1) ifk = -|, then L{k,fi) = L{k,0), 

(2) if k = then L{k, fi) = L{k, 0) or L{k, uji), 

(3) if k = then L{k,fi) = L{k,0),L{k,u]i),L{k,u!2), or L{k,2uji). 

3.4. Semisimplicity of weak modules from the category O. Li this subsection we show 
that the category of weak L(A;, 0)-modules from the category O is semisimple. 

Lemma 3.11. Assume that A = /cAg + /u for k = — |, — |, — |, where /x E f)* is one of the values 
given in Proposition \3. (j\ for each k. Then the weights A are admissible. 

Proof. The proof is essentially the same as Lemma 12. 2[ Let us write IIq = {{5 — (2a + 



/3))^,a^,/3^}, fiy = {(5- (3a + /3))^,a^,(a + /3)^}, and ft^ = {(5 - 0)^, a^, (a + /3)^}. Since 



(1) ifk = -|, then y(/i) 

(2) ifk = -^, then V{ii) 

(3) ifk = -l, then V{^i) 



V{0), 

V{0) orViui), 

V{0),VioJi),Viuj2), or V{2iOi) 
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Recall that p = 4Ao + p] also 7 G A!^ must have the form 7 = 7 + m5, for m > and 7 G A, 
or m = and 7 € A+. We then have: 

(-§ Ao + ^ + /5, 7^) = ((|Ao + ^ + /5, (7 + m5)^) 
= ^|m+(M,7^) + (p,7^). 

We may then check that (— |Ao + ^ + /?, 7^) > |, so that (— |Ao + /i + p, 7^) ^ — Z+. One may 
also verify that Ii\ = fiy so that QA^'"*" = QH^. 

Similarly, one can show that A = — |Ao+/U is admissible for /x = (1, — |) and that 11^ = □ 

Theorem 3.12. Let M he a weak L{k,0)-module from the category O, for k = — |, — |, or — |. 

Then M is completely reducible. 

Proof. Let L{X) be an irreducible subquotient of M. Then L{X) is an L{k, 0)-module, and we see 
from Remark 13.81 that A must be a weight of the form /cAg + p, where p is given in Proposition 
13.61 for k = — |,— |,— |, respectively. From Lemma 13.111 it follows that such a A is admissible. 
Now Proposition 11.41 implies that M is completely reducible. 

□ 



Appendix A. Proof of Proposition 2.3 
In this appendix, we prove Proposition 12. 3i We first give a few lemmas. 

Lemma A.l. 

(1) We have 

[a,Eiom = 3^3i(-l), [^^io(0)] = 2^3i(-l)^2i(-l), 
[c,Eio{0)] = E32{-l)Esi{-l)Eioi-l) - El{-l)Eni-l), 
[u,^io(0)] = 0, [v,Ew{0)] = 0, [w,Ew{0)] = 0. 

(2) Each of the elements a,b,c,u,v,w G U{q) commutes with Eqi{0). 

Proof. (1) Using the multiplication table in (j2.ip . it is easy to see [a, £'io(0)] = 3i?3i(— 1). Next, 
we have 

[b,Ew{0)] = [^3i(-i)^ii(-i)-^32(-l)Sio(-l),^io(0)] 

= ^3l(-l)[^ll(-l),^10(0)] + [^3l(-l),^10(0)]^ll(-l) 

-S32(-l)[^10(-l),^10(0)] - [S32(-l),^10(0)]^10(-l) 
= 2S3l(-l)^2l(-l). 
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Starting with the definition 

[c,Eio(o)] = [£;|i(-i)£;oi(-i) -£;32(-i)£^3i(-i)i^oi(-i) -£^i2(-i)^oi(-i),£^io(o)], 

we consider each term separately and obtain 

[El{-l)Eol{-l),E^om 

= £;|i(-i)[^oi(-i),^io(o)] + ^3i(-i)[^3i(-i),£io(o)]£;oi(-i) + [£;3i(-i),£;io(o)]£3i(-i)^oi(-i) 

[^32(-l)^3l(-l)^^0l(-l),£^10(0)] 
= £;32(-l)£;3i(-l)[i/oi(-l),^lo(0)]+£;32(-l)[^3l(-l),-Eio(0)]J/oi(-l) 

+ [E32{-l),EwmE3i{-l)Hoi{-l) 

= -Es2{-l)E3i{-l)Eio{-l), 

and 

[El{-l)Foi{-l),E,om 

= Ei2{-l)[Foi{-l),Eio{0)] + E32{-l)[E32{-l),EiomFoi{-l) + [£;32(-l), ^io(0)]£^32(-l)i^oi(-l) 
= 0. 

Therefore, we obtain 

[c,£;io(o)] = £;32(-i)^3i(-i)£^io(-i) - ^li(-i)£^ii(-i)- 

Next, we get 

[k,^io(0)] = i [a^ (0)] - [6,^10 (0)] 

= |a[a, ^io(O)] + i[a,Sio(0)]a- [6, ^io(O)] 

= E2i(-l)^3l(-l) + £;3l(-l)^2l(-l) - 2^31 (-1)^21 (-1) = 0, 

and 

[v,Eio{0)] = l[a^Eio{0)]-[ab,Eiom-3[c,Eiom 

= 2El{-l)Esii-l) - a[b, EioiO)] - [a, ^io(0)]6 - 3[c, £;io(0)] 
= 2Eii{-\)E3i{-l) - 2E2i{--i)E3i{-l)E2i{-l) 
-3Esi{-l) {Esi{-l)Eii{-l) - Es2{-l)Eio{-l)} 
-3 {£;32(-l)£^3i(-l)^io(-l) - £^|i(-l)^ii(-l)} = 0. 
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Finally, it is easy to see [tf,£'io(0)] = 0. 

(2) The equalities [a, £"01(0)] = 0, [6, £'oi(0)] = 0, [c, £'oi(0)] = can be proved as in the part 
(1), and we omit the details. Then it immediately follows that [u, £^01(0)] = and [f , £^01 (0)] = 0. 
Since w = \[a,h\, we also obtain [w,EQi{i))\ =0. □ 



Lemma A. 2. We have 



[a,F32(l)] = -Fn(0), 

[6,F32(1)] = £3i(-l)i"2i(0) - £ii(-l)Foi(0) - Fio(-l)i/32(0) + {K + l)Fio(-l), 

[C,F32(1)] = £;32(-l)£^3l(-l)i^32(0) +£;32(-l)i?0l(-l)i^0l(0) - 2£;32(-l)Foi(-l)i?32(0) 

+(2K + 2)£;32(-l)Foi(-l) + £;|i(-l)F3i(0) - 2£;3i(-l)£^oi(-l)i^oi(0) 

-E3i(-l)/foi(-l)i^32(0) + (K+ l)£;3i(-l)iJoi(-l), 

[U,F32(1)] = -(i^+|)£io(-l)-F3l(-l)F2l(0)-|£2l(-l)Fll(0) 
+Fll(-l)Foi(0) +£io(-l)i^32(0), 

[v,F^2{l)] = -E32i-l)Ewi-l)FniO)-3E32i-l)Foi{-l) 

+lEsi{-2) + £;3i(-l)£^ii(-l)i^ii(0) - Esi{-l)Hii{-l) 
-|a2Fu(0) - laEw{-l) - a[6,F32(l)] - 3[c,F32(l)], 

Ki^32(l)] = -£^32(-2)Foi(0)+E32(-l)Foi(-l) 

-^31 (-2)^32(0) + E-si{-l)H-s2i-l) + KE3i{-2). 



Proof. We only prove the equalities for [6,^32(1)] and [«, £32(1)]. The other equalities can be 
proved similarly. We obtain 



[5,F32(1)] = [£3l(-l)^ll(-l)-^32(-l)£l0(-l),i^32(l)] 

= £;3i(-l)[£;ii(-l),F32(l)] + [£3l(-l),i^32(l)]£ll(-l) 

-£;32(-i)[£;io(-i),i^32(i)] - [£;32(-i),i^32(i)]£io(-i) 

= £;3i(-l)i^2i(0) - Foi(0)£;ii(-l) - {iJ32(0) - K}Eio{-l) 

= E3i{-l)F2i{0) - Eu{-l)Foi{Q) - Ew{-l)Hs2{(i) + {K + l)Eio{-l), 
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[u,F32{l)] = ia[a,F32(l)] + |[a,F32(l)]a- [6,^32(1)] 
= -lE2i{-l)Fn{0)-lE,o{-l) 

-E3i{-l)F2i{0) + £;ii(-l)Foi(0) + Eio{-l)H32{0) - (K + l)Eio{-l) 
= -{K + D Ewi-l) - E3i{-l)F2i{0) - §S2i(-l)i^ii(0) 

+En(-l)Foi(0) +^io(-l)//32(0). 

□ 

We need one more lemma. 
Lemma A. 3. We have the following commutator relations: 

[H32{0),v- w] = 3{v - w), [Foi{0),v- w] = 0, 

[FniO),v-w] = {^a^ - 2b) Ewi-1) + aE3ii-l)Hio{-l) 
-5aE3i{-2) + 5^3i(-l)-E2i(-2) 

+3£;|i(-l)Fio(-l) + 3£;32(-l)£^3i(-l)i^ii(-l) - 3a£;32(-l)i^oi(-l), 
[F2i{0),v- w] = (-fa^ + b) H2i{-1) + laE2i{-2) - 2a£;3i(-l)Fio(-l) - 20^^32 (-l)i^ii(-l) 
+ZE3i{-l)En{-l)Hm{-l) + 3£;32(-l)£^io(-l)i^oi(-l) 

-6S3i(-l)^10(-l)^0l(-l) + 6S32(-l)^ll(-l)i^0l(-l) 

+4Eii(-l)£;3i(-2) - 4^io(-l)£;32(-2). 

Proof. Since the proofs of the other equalities are similar, we only provide a proof for Fii(O). We 
first have 

[Fii(0),t; - w\ = [Fii(O), §a3 - a6 - 3c - w\. 
Considering each term separately, we get 

[Fn(0),a3] = 6a2Fio(-l) -180^31 (-2), 
[Fii(0),a5] = [Fii(0),a]6 + a[Fii(0),6] 

= -2Fio(-l)6 - a{-£;3i(-l)ii'ii(-l) + a£;io(-l) - 3£;32(-l)i^oi(-l)} , 
[i^ii(0),c] = -£;|i(-l)Fio(-l) + a£;3i(-l)/foi(-l) 

-£;32(-l)F3i(-l)i^ii(-l) + 2a£;32(-l)Foi(-l), 
[Fn(0),t(;] = a£;3i(-2)-£;3i(-l)£;2i(-2). 
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Using two more relations 

[Eio{-l)M = -2^31 (-1)^21 (-2) and Hu = Hw + 3Hoi, 
one can now obtain the result for [Fu{0),v — w]. 



□ 



We now prove Proposition 12. 31 For convenience, we state the proposition again: 
Proposition A. 4. The vector Vk G N{k,0) is a singular vector for the given value of k: 



Vk 



u.l for k = — |, 

{v + w).l for /c = — |, 
u{v — w).l for k— ^ 



3- 

Proof. To show that each vector Vk is a singular vector, it suffices to check that EiQ{0).Vk = 0, 
Soi(0)-f^fc = 0, and i<32(l).ffc = for each k. Assume that A: = — |. By Lemma lA. 11 we obtain 

Eio{0).Vk = ^io(0)u.l = -[u,Eio{0)].l = 0, 

and similarly we get EQi{0).Vk = 0. Now we consider ^32(1) and obtain by Lemma lA.21 

F^2il)-Vk = -[u,F32{l)].l = 0. 

Assume that fc = — |. It follows from Lemma [A .11 that EiQ{0).Vk = and £'oi(0)-ffc = 0. We 
also obtain from Lemma lA.21 

F32il).Vk = -[V+W,F32{1)] 

= 3E32{-l)Foi{-l) - |^3i(-2) + ^3i(-l)^^ii(-l) + laEioi-1) + (k + l)a^io(-l) 
+3(2A; + 2)^32(-l)i^oi(-l) + 3(A: + l)E3i(-l)i^oi(-l) - ^32(-l)i^oi(-l) 
-^3i(-l)^32(-l)-A:^3i(-2) 

= 3E32(-l)i^0l(-l) - 2^32(-l)i^0l(-l) - ^32(-l)i^0l(-l) 

-|S3i(-2) + |^3i(-2) + |a^io(-l) - laEioi-1) 

+^3l(-l)^ll(-l) - ^3l(-l)^0l(-l) - ^3l(-l)^32(-l) 

= 0, 

where we drop .1 from the notation and use the equalities 

Hu = Hio + 3i/oi and = -f^io + 2ii'oi- 
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Assume that /c = — |. We wih continue to drop .1 from the notation. It again foUows from 
Lemma [A. II that E'io(0).Wfc = and EQi{0).Vk = 0. We now consider ^32(1) and have 

F32{l)-Vk = [F32(,1),U{V -W)] = [F32{1),U]{V - W) + U[F32{1),V - W]. 

We first compute [F32(l), — w). We use Lemma [A. 2 1 and obtain: 

[F32{1),U]{V-W) 

= {k + l)Eio{-l){v -w) + E3i{-l)F2i{0)iv - w) 

+ lE2ii-l)FuiO)iv -w)- ^ii(-l)Foi(0)(t; - w) - Ew{-l)H32{0){v - w) 
= ik + |)Fio(-l)(t; -w) + Eu{-l)[F2iiO),v- w] 

+lE2ii-l)[FuiO),v-w]-Eui-l)[Foi{0),v-w]-Ew{-l)[H32iO),v-w]. 

Now using Lemma [a. 31 and the fact that H21 = 2Hiq + 3Hqi along with the relation [a, b] = 3w, 
we obtain the following: 

[F32{1),U]{V-W) 

= lik - l)a^Ewi-l) -k-ba Ew{-1) - {3k + 2)Fio(-l) c 

-{ik + l)wEwi-l) - 6uE3i{-l)Hoii-l) - 6^x£;32(-l)Foi(-l) 

-2uF3i(-l)^io(-l) + {2k + |)£;3i(-l)aF2i(-2) + 3k ■ bE3i{-2) - {2k + l)a^E3i{-2) 
= -|a3Fio(-l) + |6aFio(-l) - QuE3i{-1)Hqi{-1) 

-QuE32{-l)Fm{-l) - 2uE3i{-l)Hio{-l) + 2uE3i{-2) 
= -luaEio{-l) - 6uE3i{-l)Hio{-l) 

-6uE32{-l)Foi{-l) - 2uE3i{-l)Hw{-l) + 2uE3i{-2), 

where the second equality is obtained by substituting /c = — |. 

Now we finally compute u[F32{l),v — w]. From Lemma I A . 2 1 and Hn = Hiq + 3Hqi, we obtain: 

u[F32{l),v-w] = {6k + 10)u E32{-l)Foi{-l) + {k + l)uaEw{-l) 

+2uE3i{-l)Hw{-l) + (3A; + 8)uE3i{-l)Hoi{-l) + {k - |)nF3i(-2) 
= 6n F32(-l)i^oi(-l) + luaEio{-l) 

+2uE3i{-l)Hw{-l) + 6uE3i{-l)Hoi{-l) - 2uE3i{-2), 

where we again substitute A; = — |. Now it is clear that 

F32{l)-Vk = [i^32(l),u] {V-W)+U [F32{1),V-W] = 0. 
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□ 

Appendix B. Lemmas for Construction of Polynomials 
The following results will be useful. 
Lemma B.l. Let X ^ q and let Yi, . . . ,Ym e U{q). Then 

{X-)l{Yi...Y^)= Y1 (i. r){X'')LY,...{X''-)LY,^, 



Proof. This can be seen most readily by considering an exponential generating function. Given 
a derivation D of IA{q), we may form the generating function 

n2 

exp(Z)t) = l + Dt + —t^ + • • • G {EndU{5))[[t]]. 

Applying this to a y € U{g), we obtain an element exp(L't)y € Z//(g)[[t]]. The lemma is a direct 
consequence of the fact that exp{Dt) satisfies the identity 

(B.2) exp(L>t)(yi ■■■Yn)= exp{Dt)Yi ■ ■ ■ exp(L»t)y„. 

(See |12].) To obtain the lemma, replace D with the adjoint action Xl{= adX) in the equation 
()B.2p . and equate the coefficient of on both sides. Finally, multiplying both coefficients by n!, 
we obtain the identity in the lemma. □ 

Lemma B.3. 

(1) {E^)l{F^) G mlHijiHij -!)■■■ (Hij - m + 1) + U{Q)Eij, for all ia + jl3 G A+. 

(2) Suppose X £ U{q)o, the zero-weight subspace ofU{Q). Then X G n_ Iy({g) if and only if 
XeU{Q)n+. 

(3) For Y G V{{q) and n > r > 0, we have 

{E^,)l{F:^Y) G F,U{q) + j^{H,, -n + r)...{H,,-n + l){Elrr)^Y + U{Q)Eiv 

Proof. Part (1) follows from direct computation and part (2) follows by considering a PBW basis 
given in triangular form for ^/(g)o. For part (3), we consider an exponential generating function. 
For simplicity, let us write E, H, F, in place of Eij,Hij, Fij. We then have: 

exp((ad^)i)F^y = {ex.p{{adE)t)FY exp{{adE)t)Y 
(B.4) ={F + Ht- Et^y exp{{adE)t)Y 
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One can check 

(B.5) {F + Ht- Efy G FU{Q)[[t\] + ^ (''\ {-l)\H - i){H - i - 1) ■ ■ ■ {H - r + 1)E' 

For convenience, we introduce the notation = x{x — 1) ■ ■ ■ [x — i + 1) for i > 0, and 

(^)(o) = 1- Then we have 

(B.6) (^)(^) = (_iy(_^ + i_l)(^), 

We obtain the following identity using (1B.6P and ()B.7p : 

(x-n + r)(r) = (-!)'■ (n - r - (j; - r + 



(r-i) 



i=0 ^ ^ 

(B.8) = ^^V-l)^(n-r)(,)(x-i)(,_,). 

Using this notation we combine equations ()B.4h and ()B.5p to write: 



Taking the coefficient of on both sides gives: 



-^{adEriF^Y) G FU{q) + ^ f (-l)'(g - t\,._.^E^ _ ^ _ (adi^)"— F 

1=0 ^ ^ ' 

(B.9) C FU{Q) + j2{''\-ir{H-i)^,._,y ^—^^{adEr-^Y + U{q)E 

With the substitution x = H, we obtain from (IB.SP 

(B.IO) {H-n + r)(.) = ^ Q (-1)^ " ^\r-.). 



After multiplying ()B.9p by n!, we use the identity (IB.lOp to obtain 

{adEriF'Y) G FU{q) + j^{H -n + r)(^,){adEr-'Y + U{q)E. 
This proves part (3). □ 
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The following lemmas will be needed for the construction of certain polynomials. 
Lemma B.ll. The following identities hold in U{q). First we have: 
(F^da] = -2F21, 
{Fii)L[b] = 4!(F3iFn-F32Fio), 
(F|i)i[c] = -6!(F|iFoi - ^32^31^^01 - i"|2^oi), and 
{Fl)L[a] = {Fl.Ub] = (FJi)l[c]=0. 

Next we have: 

{Fsi)L[a] = Fio, 

(^Ii)lW = -2!(F3i^n - F2i^oi), 

(F|i)l[c] = 3!(F3i(i/32 + 1)^01 + i^32^oi-^li^32), and 
(i^likH = {Fi,)L[b] = {F,\)l[c]=0. 

Finally we have: 

(i^32)LH = i^ll, 

{Fi2)L[b] = 21(^32^10 - i^2li^0l), 

(^|2)l[c] = -3!(F32Foi(if3i + 2) + FgiF^i - Fi^Es,), and 
iFi2)L[a] = {Fi,h[b] = {Fi,)L[c]=0. 

Proof Using Lemma IB. 11 we have: 

iFii)L[b] = {^\){FI,)lE^,{F2ilEii) - {,\)iFl)LEs2{F2iLEio) 
+ {2^)iFil)LE3l{Fl)LE^^ - {^\){fI)lE^2{fI)lEi^ 
= (3\)(6F32)(2Fio) - (3\)(-6F3i)(-2Fn) 

+ (2'2)(-2Fll)(-6F3l) - (2\)(2Fio)(6F32) 

= 4!F3iFii — 41^32^10. 



We also have: 



{Fli)L[b] = {,%){F2\)lEs^{F2\)lEi, - {,\){Fi,)LEs2{Fi,)LE,o 

= {s\)m2){-dF3i) - {,%){-6F3i)m2) 

= 0. 



The other cases are proved similarly. 



26 J. D. AXTELL AND K.-H. LEE 

Lemma B.12. The following identities hold in U{q). First we have: 



i.iElFi,)L[b] ^ -2H21 (modZi(0)n+), 

^{EI^FI^)l[c] = ^\Hoi{Hoi + 2) (mod Zi(0)n+). 

Next: 

{EioF^i)L[a] = Hio, ^{E!oFi,)L[b] ^ ^ {Ef^Fi,) l[c] ^ (mod U{Q)n+). 

Finally: 

{EiiF32)L[a] = Hn, 

i(^?iF|2)i[6] = -6H01 (modZ^(0)n+), 

i^iElFi^Uc] = -6/^01(^31 + 2) (mod ZY(0)n+). 

Proof. Using Lemmas IB.H IB.IH we have: 

i.{ElFi,)L[b] = {EI)l{F^iFu - F32F10) 

= (2'o)((^il)LF3l)i^ll - (2'o)((^Ii)lF32)FiO + (A) (i^21LF3l)(i^21Li^ll 

- (A)(^21Li^32)(F21Li^l0) + (o'2)^3l(i^ll)Li^ll " {o\) F32{F^i)lFio 

= (/o)(-2i^n)Fii - (/o)(2i^io)i^io + (A)(-^io)(-2i?io) 

- (A)(-i^ll)(2i^ll) + {,\)Fsii-6Esi) - (o'2)F32(6S32) 

= — 2 (2^0) (-^11 + -^11-^11) ~ 2(2^Q)(-f^io + -^10-E'io) + 2{^j)FioEio 

+ 2{^\)FnEu - 6(0^)^316^31 - 6(0^2)^32^32 
= - 2Hn - 2Hio = -2H21 (mod U{Q)n+). 



The other cases fohow in the same way. 
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Lemma B. 13. Suppose that n,r, s,t £ and n = r + 2s + 3t. Then the following hold in U(q): 
j^y{H,o - n + 1) . . . {H,o -n + r){E-,^^ F^.-^Umcf), 

{E^^F^Mmmf) 

- n + 1) . . . {Hn - n + r)iE^,'^ F^.'^UmcY), 
where all the congruences are modulo U{Q)n-^-. 

Proof. We prove only the first case. Using Lemma iB.ll we have: 

^((i^li)LHr(F2t-^^).([6]^[c]*) 



(2r)!(2n - 2r)! (2!)^ 



2^(2n - 2r)\ 



since {FDlH = = {FIi)l[c] = and {FDlH = -2F21 by LemmaEHl 

Then we use LemmaE3(3) with Y = (-F2^i""'"-')l([&]''[c]*) to obtain: 

{E^iFi?)L{[anbnc]') 

Now it follows from Lemma lB.31 (2) that we have 

{E^iF:^^)LM[hr[c]') 

■ n\ (2n)! 
(n-r)! (2n-2r)! 



i-^r T^.tS^XH,, -n + r)...{H2i-n+ l)(i?2Y''i^2t^''V(M1c]*) (mod U{q)u, 



□ 

We give one more lemma. 
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Lemma B. 14. The following hold: 



(EliFl^Mlbf) = m\{2H2iHii + 2Hio{Hio-l)-QHoi{Hoi + l)), 

{EliFli)L{\h][c]) = -5!10!2/7oi(^oi + 2)(F2i-3), 

{Ef,F,\)U[b?) ^ {ElFi,)U[b][c])^0, 

(^n^32)L(M') = (4!)' 2(9i/oi(i/oi - 1) - i^oi(i^3i - 3)), 

{E!,Fi,)Lm[c]) ^ (5!)2 6i7oi(^oi-l)(^3i + 2), 

where all the congruences are modulo Z//(g)n+. 

Proof. We prove the first part only. From Lemma IB.IH we have: 

{Fl^Uib?) =(A) ((^2i)l[6])' = 8!(F3iFn - F,Af 

^^K^iiFii — 2F32F31F11F10 — 2F32F31F21 + -Ff2-^io)- 

We thus obtain: 

^1(^21^21) L{[b]'^) ={E2i)L{F^iFfi — 2F32F31-F11F10 — 2F32F31F21 + F^2Eio) 
This equals the following element modulo Z//(g)n+: 

(3,g(-6^32)(-i^l0)i^fl -2(3,4j(6i^3l)(-i^l0)i^lli^] 



10 

+ (30^,0) (-6^32)i^3i(-2i^io)i^ii -2(3;,o)(6^3i)F3i(-2i?io)i^] 
+ (220o)(-2^ii)(-2^ii)^ii -2(24)(2i?io)(-2i5;n)FiiF] 
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+ (2iio)(-2^ii)(-^io)(-2^io)i^ii -2(2i'\o)(2^io)(-Fio)(-2Sio)Fio 

+ (2o'2o)(-2^1l)^3l(-6i?3l)i^ll -2(2o;,o)(2i?lo)i^3l(-6i?3l)i^lO 

-2(3it)0)(6^3l)(-i^l0)i^21 +(3it)o)(6^3l)(-i^ll)i^fo 

-2(3,g(6£;3i)i^3i^2i +{J^^)i6Esi)Fs2{-2Ei,)Fio 

"^(2200) (2-Eio)(-2-Eii)F2i +(2200) (2-E'io)(2^io)^io 

-2{,^\^){2E,o)i-Fio)H2i +{,^\,)i2E,o){-F^,)i-2E^^)F^o 



+ {JJ{2Eio)F32{-6E32)F, 



10, 



where we have omitted the term (;^3'|)o) (~-^io)(— 6£'32)-^n £ -^10^(0)) which belongs to Z^(g)n+ 
by Lemma IB. 31 (2), as well as similar terms which also belong to Z//(0)n+. 
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We now sec that 4i^(£'2i^2^i)i([^]^) equal to the following element modulo ^(g)n+: 

-E'32-f'lO-P'K) +^31-P'lO-^ll-P'lO +2-E'31-f'lO-f21 — -£'31-^11-^k) 

+2£'32F3i£;ioFii +4£'3iF3ii?ioFio — 2£'3iF3ii72i — 2£'3iF32-Bii-Fio 

+-^11-^11 +2-E'io-£'ii-^ii-P'io +2-E10-E11F21 +^io-^K) 

— 2i?iiFio-Bio-^ii — +2-Eio^io^2i +2£'io-^ii-EiiFio 

+3i?ilF3i£'3ii^ll +6£'io-F31-E'31-^10 —3-Bio-?^32 -£'32-^10 • 

Again modulo W(g)n+, this is equal to 

6/^01 - 4i?io + 2/^21 + 2i/io(J/io - 1) + 2Hn{Hn - 1) + 4i?3i-?fio 
-2H21H31 - 18i7oi + 2i/io(J/ii + 1) - 4i7io - 4i72Q + 2i7ioi?2i. 

After simplifying terms in this expression, we finally obtain: 

4m(^21^Ii)l(M') = ^H2iHu - 6i/oi(i^oi + 1) + 2i/io(i/io - 1) (mod Z^(0)n+). 

□ 
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